In this paper we study fractional as well as semi-local Chern-Simons vortices in 
Introduction
Solitons play a crucial role in a vast area of physics, from solid state physics, through highenergy physics, string theory, condensed matter physics to cosmology. One of the most wellknown solitons is the Abrikosov-Nielsen-Olesen (ANO) vortex [1, 2] which is measurable in the laboratory forming a so-called Abrikosov lattice in type II superconducting materials in the presence of an external magnetic field.
In the recent years, there has been developed a genuine non-Abelian generalization of this vortex [3, 4] , which possesses orientational modes and a moduli space of solutions. These vortices correspond to 1/2 BPS objects in N = 2 gauge theories and the BPS properties have as a consequence that all static inter-vortex forces cancel out exactly -just as in the Abelian case.
This development started out with the unitary gauge groups, which first in the last three years has been extended to arbitrary gauge groups [5] and in particular the orthogonal [6, 7] and symplectic groups [7] , viz. G = U(1) × SO(N) and G = U(1) × USp(2M). The overall U(1) factor is of utter importance for the topological construction, giving rise to the stability supported by π 1 (G) ∼ Z.
1
The moduli space of these vortices has been studied much in detail in Refs. [3, 4, 8, 9, 10, 11] for U(N) and in Ref. [7] for U(1) × SO(N), U(1) × USp(2M). The vacuum of the U(N) theory is a unique color-flavor locked phase when the minimal number of flavors (in order to break completely the gauge symmetry) is present: N f = N, in this case the vacuum is simply just a point. On the other hand, when the number of flavors is increased, the vacuum becomes in general a manifold and it depends on the details of the matter content, such as the charges etc.
A crucial difference between the aforementioned theories, which possess local vortices 2 , and this theory with extra matter, is that so-called semi-local zero-modes appear. They bear the property that they are not normalizable -they tend to zero obeying a power-law instead of exponentially as the local profile functions. They were first found in the (extended) Abelian Higgs model [12, 13, 14] and later also in its non-Abelian extension [3, 15, 16] . An interesting fact about the vortices in U(1) × SO(N) and U(1) × USp(2M) theories, is that they are in general of the semi-local type [17, 7] . There is a very interesting relation between the vortices of the semi-local kind and non-linear sigma model (NLσM) lumps. The gauge theories become NLσMs and the vortices become lumps [18, 19, 20, 17, 16] . This is technically done by taking the strong gauge 1 In the SO case, there is an additional Z 2 = π 1 ((U (1) × SO(N ))/Z n0 ) factor (with n 0 = 2, 1 for even and odd N , respectively), i.e. a topological charge not being the vortex number, which has important consequences for the connectedness properties of the moduli spaces of vortices [7] . 2 By local vortices, we define the localized topological objects which has exponential transverse cut-offs, as opposed to polynomial tales, which will be termed semi-local.
One property of the vortices and lumps which has not been noticed until recently and is only seen when there is a non-trivial vacuum manifold present in the theory -namely that the minimal vortex or lump can be composed by seemingly unconfined sub-objects which, however, cannot be infinitely separated. If one tries to do so, the configuration will either dilute completely or become singular [48] . This type has been named fractional vortices and lumps. They can be engineered in many ways. For instance, one can alter the charge assignment of the different flavors. Another possibility is that there resides a singular submanifold in the vacuum manifold, which is exactly the case in the theories with U(1) × SO(N) and U(1) × USp(2M) gauge groups [17] . In fact, the first fractional lump solution was found in Ref. [17] .
Soon after a fractional lump was constructed in the Taub-NUT space [49] with a smooth interpolation from a fractional lump to the standard CP 1 lump. It was made by turning on a finite gauge coupling in an appropriate quiver theory which in the strong gauge coupling limit reduces to the standard CP 1 NLσM.
Subsequently, a classification of fractional vortices was made in Ref. [48] . The first type is constructed with a conical singularity on the vacuum manifold, which in practice is easily made by a non-equal relatively prime and rational charge assignment for the different flavors of squarks in the theory. The second type, however, does not rely on a singularity on the vacuum manifold, but it suffices to deform the geometry in some way, and it has been conjectured that a strong positive scalar curvature in at least two (separate) regions of the vacuum manifold gives rise to a fractional vortex or lump [48] .
So far the story has nothing to do with the Chern-Simons vortices. The vortices can be thought of as string-like objects in for instance four space-time dimensions or as particle-like objects in three space-time dimensions. The latter option is interesting per se for several reasons.
The physics has radically different characteristics, first of all, because the spin is not quantized in half-integers as in four space-time dimensions, admitting possibility for anyons, objects possessing fractional charge and statistics [50] . This can be realized by introducing the Chern-Simons term, which has been widely used, e.g. in the theory of the fractional quantum Hall effect [51] .
Furthermore, Chern-Simons theories provide a topological and gauge invariant mechanism for mass generation, not relying on the Higgs mechanism [52] . Abelian vortices in the Chern-Simons
Higgs model were studied in Refs. [53, 54] (see e.g. Refs. [55, 56] for excellent reviews). In the non-Abelian case, the Chern-Simons vortices of genuinely non-Abelian kind, that is, possessing orientational moduli and a moduli space of solutions were found in the Refs. [57, 58] in the case of a U(N) gauge group. Aldrovandi and Schaposnik identified the moduli space of a single vortex solution as C × CP N −1 (which equals that of a single vortex in Yang-Mills-Higgs theory with a U(N) gauge group) and furthermore found the vortex world-line theory, i.e. the sigma model living on the vortex. Furthermore, Refs. [59, 60, 61] have considered packaging together the Yang-Mills and the non-Abelian Chern-Simons terms for U(N) gauge groups. In Ref. [59] the dynamics of the vortices has been studied and they found a modification to the adiabatic motion of linear order proportional to the Chern-Simons coupling as well as the usual free kinetic term. In Ref. [60] , in addition to the topological charge, conserved Noether charges associated with a U(1) N −1 flavor symmetry of the theory, due to inclusion of a mass term for the squarks, were found. A dimensional reduction of this theory to 1 + 1 dimensions gives rise to so-called trions [62] . Numerical solutions were provided in Ref. [61] for the Yang-Mills-Chern-Simons U(N) theory and in Ref. [58] for the Chern-Simons U(N) theory and in both cases they have found that the semi-local moduli parameter, when non-zero, destroys the ring-like characteristic of the magnetic flux that the vortex solutions in Chern-Simons theories usually possess. Thus the magnetic flux turns into bell-like structures similar to those of Yang-Mills theories.
In Ref. [63] , the program of non-Abelian vortices with arbitrary gauge groups has been extended to the Chern-Simons vortices and furthermore, the identification of the moduli spaces using the moduli matrix formalism was pursued. It was conjectured that the k moduli space of the vortices with gauge group G = U(1) × G ′ , with G ′ being a simple gauge group, is the same in the case of only the Yang-Mills kinetic term as in the case of only the Chern-Simons kinetic term for the gauge fields. The vortices constructed in Ref. [63] and studied numerically with gauge group U(1) × SO(2M) and U(1) × USp(2M), provide the base for fractional vortices due to the singular submanifolds in the vacuum manifolds. Their existence is quite easily guessed, as the moduli matrix generating them, is exactly the one giving rise to the fractional lumps of Ref. [17] .
Now we want to pose a very simple question, what happens to the planar structure of the flux when the fractional sub-vortices are moved apart? Do we get M rings of flux or M Gauss bells of flux. The analysis of the holomorphic invariants tells us that the position moduli of the fractional sub-vortices should be interpreted as a kind of semi-local moduli. Then we would guess the answer is the last option. The flux spreads out to M Gaussian bells of flux as we confirm with a numerical study. We furthermore study the semi-local vortex with gauge groups G = U(1)×SO(2M) and G = U(1)×USp(2M) and in addition to the previous studies, we change the relative coupling constants κ, µ of the U(1) and G ′ part of the gauge fields, respectively. In the local case studied in Ref. [63] , this gave rise to negative Abelian magnetic flux and positive non-Abelian flux at the origin of the vortex in the case of κ > µ (and vice versa for κ < µ). We expect and confirm numerically, that this effect vanishes when semi-local size moduli are turned on. For completeness, we give also an example of the fractional semi-local vortex in our model.
The model
We will consider the model studied in Ref. [63] in the limit that it reduces to the non-Abelian
Chern-Simons-Higgs theory. It is an N = 2 supersymmetric gauge theory in 2 + 1 dimensions with gauge group G = U(1) × G ′ where G ′ is a simple group. The theory contains the gauge fields, an adjoint scalar and N f complex scalar squark fields (hypermultiplets). Taking the strong coupling limit of the Yang-Mills couplings e, g → ∞, being the Maxwell and Yang-Mills coupling respectively, we obtain the following non-Abelian N = 2 Chern-Simons-Higgs theory
The adjoint scalars are infinitely massive in the limit considered here, so they have been integrated out. The remaining fields are the complex scalar fields H which are combined into a dim(R G )×N f matrix, consisting of N f matter multiplets, where we adopt the metric η µν = diag(+, −, −). We will use the following conventions
In this paper we will fix the gauge group to
and treat them on equal footing with just the change of the invariant rank-two tensor J (in the following N = 2M). It is defined as J T = ǫJ, J † J = 1 2M and explicitly, we will choose the basis
where ǫ = +1 for SO, while ǫ = −1 for USp. Furthermore, we will only consider the fundamental representation of the matter fields here, hence R G := . The remaining parameters of the theory are the Chern-Simons couplings κ ∈ R, µ ∈ Z, being the Abelian (tracepart) and the nonAbelian (traceless part) couplings, respectively. ξ > 0 is the Fayet-Iliopoulos parameter, putting the theory on the Higgs branch. The last parameter governing the vortex solutions, which is not explicitly present in the Lagrangian density, is k being the vorticity or winding number. The U(1) winding, is however given by ν = k/n 0 [5] , where n 0 denotes the greatest common divisor (gcd) of the Abelian charges of the holomorphic invariants of G ′ , see [5] . For simple groups this coincides with the center as Z n 0 . We will take k > 0, corresponding to vortices as opposed to anti-vortices.
There are three different phases of the theory at hand. An unbroken phase with H = 0 and a broken phase with H = 1 2M ξ/(2M). In between there are partially broken phases. Furthermore, there are plenty of other possible vacua breaking the gauge symmetry, which however will break (partially) also the global color-flavor symmetry, which is only present (in its entirety)
in the latter vacuum. This will be our reason for choosing this particular vacuum.
The masses are generated by the Higgs mechanism (not topologically, as in the case with also a Yang-Mills term present in the Lagrangian) and are given by
which by supersymmetry are the same for the gauge fields as the scalar fields, Abelian and non-Abelian, respectively.
The tension, defined by the integral on the plane over the time-time component of the energymomentum tensor, is given by
As shown in more detail in Ref. [63] , by a Bogomol'nyi completion, the BPS-equations
can be combined with the Gauss law
yielding the following system
where we have defined Ω 0 ≡ H 0 H † 0 as well as the gauge invariant quantity Ω = SS † = ωΩ ′ , which splits into the Abelian part ω = |s| 2 and the non-Abelian part Ω ′ = S ′ (S ′ ) † . These fields are conjectured to be uniquely determined by the master equations applying the appropriate boundary conditions for a given moduli matrix
with the transformation matrix
Writing the energy density in terms of our new variables, including the boundary term
we obtain by integration, the total energy
which is simply proportional to the topological charge. The Abelian and non-Abelian magnetic flux densities are, respectively
while the Abelian and non-Abelian electric field densities read, respectively
Finally, we need only to specify the boundary conditions, which have been obtained in Refs. [17, 7 ]
with M ≡ H T 0 (z)JH 0 (z) being the meson field.
For concreteness, we will consider the cases G ′ = SO(4) and G ′ = USp(4) as the main result of the paper will be made using numerical methods. However, when the generalization to
is straightforward, we will work out the equations in the generalized case and at the end of the day set M = 2. The question we are addressing, is the study of the semi-local and "fractional" moduli parameters of this single non-Abelian Chern-Simons vortex (k = 1). Now, consider the given moduli matrix
which is the most general matrix for k = 1 in a particular patch of the moduli space. The subscript S, A denotes symmetric in the case of ǫ = +1 (SO case) and anti-symmetric for ǫ = −1 (USp case) (and vice versa for A, S). The matrix obeys the weak condition on the holomorphic invariants
and by insertion of the moduli matrix (19) into the weak condition, we obtain A. We will fix this parameter to the origin. The eigenvalues of A are the positions of the "fractional vortices" and if they all (in this case both) coincide, they compose a normal nonAbelian vortex, but not necessarily local. It becomes local only ifÂ = C = 0. Finally, there are the semi-local "size" parameters C. What we would like to show is that the fractional vortex has semi-independent sub-structures which should be interpreted as an M-th vortex (flux) with a certain size parameter (even when C = 0).
We will proceed in three steps. First we will in Sec. 3 study the fractional vortices, choosing
A to be diagonal and setting B = C = 0. Subsequently, in Sec. 4 we will study the semi-local parameters C, setting B = A = 0. Finally, in Sec. 5 we will give an example of non-vanishing A and C. We will conclude with a discussion in Sec. 6 and finally give a brief review of the asymptotic properties of the Abelian semi-local vortex in Appendix A.
Fractional vortices
In this Section, we will study the moduli matrix (19) with B = C = 0 and take A to be diagonal
With this moduli matrix there will be no difference between G ′ = SO(2M) and G ′ = USp(2M), so we will apply the same yardstick to both of them. As the matrix A is not proportional to the unit matrix 1 M , the vortex will be of the semi-local type, but a special semi-local typeviz. the fractional vortex. We will denote it the pure fractional vortex. Hence, we are left with the moduli matrix of the following form
for which we can choose the Ansatz
with the det Ω ′ = 1 being manifest and we define ω ≡ e ψ . Inserting this Ansatz into the master equations (9)- (10) for the non-Abelian Chern-Simons vortex leaves us with the following system of partial differential equations
The boundary conditions for |z| → ∞ are
The energy density comprises the contribution from the Abelian magnetic field strength
and a boundary term summing up to
however, when integrated, only the Abelian magnetic flux contributes as it is the topological charge of the vortex. The non-Abelian magnetic field strength is given by
The Abelian and non-Abelian electric field strengths are, respectively
where we conveniently have defined the relevant generators for the non-Abelian field strengths
and the labels m = 1, . . . , M denote the generators corresponding to normalized generators spanning the Cartan subalgebra of SO(2M) and USp(2M).
First let us make some qualitative calculations. We consider some small fluctuations around the boundary conditions (27) as follows
Plugging them into the master equations (25)- (26) yields to linear order in the fluctuations
The lump solution for χ m vanishes when acted upon by the Laplacian operator, hence the fluctuation is in some sense local, up to the corrections of the rational function multiplying the right hand side of Eq. (33) which asymptotically will be of order 1. Thus asymptotically, the solution will be the modified Bessel function of the second kind K 0 (m µ |z|). This is not the case for the profile function ψ, governing the Abelian magnetic flux. The Laplacian operator on the lump solution does not vanish. Expanding in z −1 ,z −1 (and using an appropriate Kähler transformation)
This clearly demonstrates the semi-local nature of the fractional vortex also in the Chern-Simons theory. It is easily seen that when all the centers of the fractional vortices coincide, z n = z 0 ∀ n, the solution (36) vanishes and should be replaced by the "local" solution K 0 (m κ |z|) which is easily found from Eq. (34) . Note also that the solution is radially symmetric only to lowest order: |z| −4 . In Eq. (33) it is easy to see that the rational function becomes simply 1/M 2 when the centers z n coincide.
We will now solve the equations numerically. For simplicity, as already mentioned, we will focus on the groups G ′ = SO(4) and G ′ = USp(4), which will give rise to a fractional vortex possessing two subpeaks. The solution is local in the sense that there are no size moduli when z 1 = z 2 , however when the "centers" are non-coincident: z 1 = z 2 the vortex should be interpreted as a semi-local vortex.
An important difference between this configuration and the configurations we normally consider, is that the rotational symmetry in the C-plane has been lost and we are forced to consider the full partial differential equations in the C-plane instead of simplified ones in the radial direction which reduce to ordinary differential equations that we easily can solve.
Furthermore, the fact that the non-Abelian Chern-Simons vortex has some crucial differences with respect to the corresponding lump obtained in the weak Chern-Simons coupling limit, for instance the Abelian magnetic flux being a ring instead of a Gaussian bell, suggests us to find the finite Chern-Simons coupling solutions in the C-plane. Thus, we will now compute the numerical solutions in the C-plane using a relaxation method.
In Fig. 1 is shown a matrix of graphs of the non-Abelian Chern-Simons vortex configuration for κ = µ = 2, where the rows correspond to the energy density, the Abelian magnetic flux Figure) , we see that the magnetic flux densities are no more ring-like structures but (distorted) bell-like ones. The energy density has also become a distorted bell-like structure and finally the Abelian electric field strength is a squashed ring, while the non-Abelian electric field strength is a ring-like structure (a bit distorted though). The tendency for larger separation, is that the energy is described by two bell-like shapes and so is the To understand the structure of the configuration, the contour plots of Fig. 1 are convenient, however, to get a more detailed look at the solution, we show slices of the configuration as function of x for y = 0 for the values of the separation modulus parameter d = {0, 1, 2, 5, 10}.
In Fig. 2 is shown the energy density as function of x for y = 0, while in Fig. 3 are shown the Abelian magnetic and electric field strengths on the same slice. There is a transition from a ring-like structure to separate bell-like structures in the Abelian magnetic flux density. We show in Fig. 4a, a detailed . We observe that the Abelian magnetic flux goes quite fast from being a ringlike structure to become a single peak, which eventually spreads into two sub-peaks that will depart from each other and dilute as the separation modulus parameter is increased. For the non-Abelian magnetic flux a similar situation is happening. The ring-structure becomes a single x (y = 0) x (y = 0) x (y = 0) peak at the origin, which then moves (and gets distorted) as d is increased.
Negative Abelian magnetic flux density at the origin: κ > µ
For completeness, let us repeat the calculation with the different Chern-Simons couplings chosen as in Ref. [63] . First we consider the case with κ = 4, µ = 2. The main difference between the configurations with κ = µ and those with κ = µ lies in the magnetic field strengths. Therefore we will focus on those. In x (y = 0) 3.3 Bell-like structures: −κ = µ = 2
The last case studied in Ref. [63] , was the vortex with negative Abelian Chern-Simons coupling and positive non-Abelian coupling: k = −2 and µ = 2. x (y = 0) x (y = 0) In Fig. 9 is shown a matrix of graphs 
Semi-local vortices
In this Section, we will study the moduli matrix (19) with A = B = 0 and only have a nonvanishing C. We will thus denote this vortex a purely semi-local vortex. We will however restrict ourselves to configurations with a single size modulus c. For both SO(2M) and USp(2M) with M = 2m, m ∈ Z >0 , we can parametrize the moduli matrix (19) in this case as follows
with ǫ = +1 for SO and ǫ = −1 for USp as usual. For USp(4) it is the most generic case for C, while it is a simplified case for SO(4) as the diagonal of C does not have to vanish. For m > 1 the above matrix is a simplified example, but it turns out that the equations have a very simple dependence on m, hence we will keep m as a parameter. In the case of SO(2M = 4m + 2), we can use the parametrization as follows
In both cases it turns out that we can still use a diagonal Ansatz
even though Ω 0 no longer is diagonal due to the fact that the master equations remain diagonal.
The master equations are thus
which has the typical form of semi-local equations. Note that the dependence of M can be eliminated by a rescaling of ξ.
The boundary conditions for |z| → ∞, which are also the lump solution, that is, the solution in the weak coupling limit κ = µ → 0, read
The Abelian and non-Abelian magnetic field strengths read respectively
where the Abelian one contributes together with a boundary term to the energy density as
where the radial coordinate is r ≡ |z| and we have defined the normalized generator
Let us now make some qualitative calculations. We consider some small fluctuations around the boundary conditions (42) as follows
Plugging them into the master equations (40)- (41) yields to linear order
Expanding in small |c|/|z|, we obtain
which has the consequence that both the field fluctuations attain a power-law behavior
This behavior is the typical and well-known behavior of a semi-local non-Abelian vortex. Next we will show that in the case of equal Chern-Simons couplings κ = µ, the Abelian magnetic flux and the non-Abelian magnetic flux are equal as well as that the Abelian electric field equals the non-Abelian electric field. Subtracting the two master equations (40)- (41), we obtain
which in the case κ = µ clearly reduces tō
being independent of z,z and thus is satisfied by the vacuum solution
Now it is easy to show that
and we can readily observe that for vanishing size modulus c = 0, the magnetic fields are zero at the center of the vortex (the local case) [63] . This statement gets modified by the presence of the size modulus. The exact value of the magnetic fields at the center of the semi-local vortex is not so easy to calculate and we demonstrate numerically, that it is indeed non-vanishing at the center of the vortex. Inserting the vacuum solution (56) into the electric field strengths, it is easily seen that the Abelian and the non-Abelian one are equal in the case of κ = µ
It furthermore turns out that the Abelian and non-Abelian field strengths are equal also in the opposite coupling case. This can be seen from equation (54) by inserting µ = −κ giving rise tō
which does depend on z,z but still allows the vacuum solution (56) and the consequence is then the same as in the case of κ = µ; the Abelian magnetic and electric fields equal their non-Abelian counterparts.
Let us now compute some numerical solutions as examples of semi-local non-Abelian vortices.
First we take the equal coupling case and show in Fig. 10 (i.e. the size modulus being much larger than the local size of the vortex)
Now we set κ = 1, µ = 2 and show the corresponding magnetic flux densities in Fig. 13 . 
Bell-like structures:
Finally, we will consider the case of opposite signs of the Chern-Simons couplings κ = −µ. The energy is shown in Fig. 14 , the magnetic flux densities in Fig. 15a and the electric field densities in Fig. 15b , all as function of the semi-local size modulus. We can confirm numerically that the Abelian magnetic field equals the non-Abelian one as well as the Abelian electric field equals minus the non-Abelian one (as shown above).
Semi-local fractional vortices
We will now consider the fractional vortices with non-zero size parameter C in the moduli matrix (19) turned on. It turns out that it is not possible to obtain diagonal master equations in this case for USp. Hence, we will consider only G ′ = SO(2M) here and take the moduli matrix as the one of Refs. [17, 48] , namely
while we still use the Ansatz for the moduli matrix field of Eq. (24) . This leads to the master equations which remain diagonal
Setting to zero all c n we get back the fractional master equations (25)- (26) . The boundary conditions which are also the lump solution (i.e. corresponding to the weak coupling limit κ → 0 and µ → 0) read
The magnetic fluxes remain those of Eqs. (28) and (30), respectively, while the energy density changes according to
The Abelian and non-Abelian electric field strengths also change and are now, respectively
where the relevant generators t m are those of Eq. (31).
Let us now repeat some qualitative calculations in this case. We again consider some small fluctuations around the boundary conditions (64) as follows 
Discussion
In this paper we have studied the fractional as well as semi-local Chern-Simons vortices in 
hence it suffices that just ψ has a power-law behavior in order for f, g to both have it as well.
In order to study the fractional vortices we have solved the (BPS) vortex equations (master equations) numerically in the plane, as the rotational symmetry obviously is lost when the frac- 
valid for the Abelian fields, while the non-Abelian fields have the effective size c n . If we now set c n to zero on the right hand side, we see the effective size of the Abelian field explicitly in terms of the fractional vortex centers z n (i.e. the case of the pure fractional Chern-Simons vortex). Note that the next-to-leading order is not radially symmetric.
In order to understand this type of fractional vortex better, one should understand the second homotopy group of the moduli space of vacua in the theory at hand [17] . This has not been pursued in this paper and remains as a future task.
The substructures of the non-Abelian vortices are very interesting. For many reasons it would be very interesting to study the non-Abelian vortices in a symmetric phase (i.e. the ChernSimons phase) -these vortices are known as non-topological vortices. They have been studied in Refs. [64, 65, 66, 67] in the Abelian case and are still not very well-understood in the following sense. Their moduli have not been written down explicitly. Their existence has been proven in Ref. [68] and their topology on compact manifolds has been studied in Ref. [69] . To the best of our knowledge, the closest attempt to classify the moduli has been done by Lee-Min-Rim in Ref. [70] where the non-topological moduli have been written down in the asymptotic profile functions. The generalization of these studies to the non-Abelian case would be quite interesting.
lump solution setting ψ = ψ ∞ + δψ we havē
and we can identify two cases. Since the vacuum manifold is Kähler, the lump solution can formally be a Kähler transformation of the VEV, in which case the lump solution is singular, however the Laplacian will vanish (apart from some delta functions at each zero of the squark fields). This is the local vortex case and we can also calculate the asymptotic profile function as δψ = c local K 0 (m|z|) .
In semi-local case, in contradistinction, we observe that the fluctuation will have a power-law behavior. For simplicity we consider N f = 2 with the following moduli matrix 
where we are calculating the asymptotic function valid when |z| ≫ |c|. Then we find using a 
These are of course well-known facts about the Abelian semi-local vortex solution (see Refs. [12, 13, 14] ).
